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Quantum Field Theory, problem sheet 11

Solutions to be discussed on 17/12/2024.

Problem 1: Hamiltonian of the Dirac field

1. Let p = (p0, ~p) be a momentum 4-vector, p2 = m2, and let p̄ = (p0,−~p) be the
same 4-vector with the sign of the spatial components reversed. Prove that

γ0/p+ /pγ0 = 2 p0 , γ0/p− p̄/γ0 = 0 .

2. Prove that

ūs(~p)γ
0ur(~p) = 2 p0 δsr , v̄s(~p)γ

0vr(~p) = 2 p0 δsr ,

ūs(−~p)γ0vr(~p) = 0 , v̄s(−~p)γ0ur(~p) = 0 .

Hint: Use the result of 1., remembering that us(~p) and vs(~p) satisfy

(/p−m)us(~p) = 0 , (/p+m)vs(~p) = 0 ,

ūs(~p)(/p−m) = 0 , v̄s(~p)(/p+m) = 0 ,

ūs(~p)ur(~p) = 2mδrs , v̄s(~p)vr(~p) = −2mδrs .

3. Starting from the Fourier mode expansion of a free Dirac field

ψ(x) =
∑

s=+,−

∫
d̃p
(
as(~p)us(~p)e

−ipx + b†s(~p)vs(~p)e
ipx
)
,

ψ(x) =
∑

s=+,−

∫
d̃p
(
bs(~p)v̄s(~p)e

−ipx + a†s(~p)ūs(~p)e
ipx
)
,

and using the relations derived in 2., show that the Dirac Hamiltonian H =∫
d3x ((∂L/∂ψ̇)ψ̇ − L) can be written as

H =
∑
s

∫
d̃p ω~p

(
a†s(~p)as(~p)− bs(~p)b†s(~p)

)
.

It follows that the Hamiltonian can be made positive definite by imposing canonical
anticommutation relations (rather than commutation relations).


