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QUANTUM FIELD THEORY, PROBLEM SHEET 11
Solutions to be discussed on 17/12/2024.
Problem 1: Hamiltonian of the Dirac field

1. Let p = (p°, p) be a momentum 4-vector, p?> = m?, and let p = (p°, —p) be the
same 4-vector with the sign of the spatial components reversed. Prove that

Vp+p =2p", A% —-p"=0.
2. Prove that

Ug (ﬁ)’Your(ﬁ} = 2170 537" , s (ﬁ)’yovr(ﬁ‘) = 2p0 (Ssr )
TLS(_ﬁ)VOUT(ﬁ) =0, 65(_@70%”(17) =0.

Hint: Use the result of 1., remembering that u,(p) and vy(p) satisfy

(]é_m)us(ﬁ) =0, (Is—f—m)vs(ﬁ) =0,
us(P)p—m) =0,  v(p)(p+m)=0,
us(P)ur (p) = 2mdys , Us(P)vr(P) = —2m by .

3. Starting from the Fourier mode expansion of a free Dirac field
ve) = 3 [ db (@@ @e " + i @e)
§=+,—

)= 3 [ (e + d@u@er)

s=+,—

and using the relations derived in 2., show that the Dirac Hamiltonian H =

[ &3z (L)) — L) can be written as

=" [ s Wl Fo.() - b0(P))

It follows that the Hamiltonian can be made positive definite by imposing canonical
anticommutation relations (rather than commutation relations).



