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Quantum Field Theory, problem sheet 10

Solutions to be discussed on 10/12/2024.

Problem 1: The Clifford algebra

1. Given a set of four matrices γµ which satisfy the Clifford algebra

{γµ, γν} = 2 gµν ,

show that the matrices γµν ≡ i
4
[γµ, γν ] satisfy the Lorentz algebra:

[γκλ, γρσ] = i
(
gλργκσ − gκργλσ − gλσγκρ + gκσγλρ

)
.

2. Verify that the Clifford algebra is satisfied by both the Weyl representation of
γ matrices

γ0 =

(
0 1

1 0

)
, ~γ =

(
0 ~σ
−~σ 0

)
.

and the Dirac-Pauli representation

γ0 =

(
1 0
0 −1

)
, ~γ =

(
0 ~σ
−~σ 0

)
and find the unitary transformation that takes one into the other.

3. Defining γ5 = i γ0γ1γ2γ3, calculate

{γ5, γµ} and [γ5, γµν ] .

Problem 2: The Dirac field

1. Show that(
1 +

i

2
ωρσγ

ρσ

)
γµ

(
1− i

2
ωρσγ

ρσ

)
=

(
1− i

2
ωρσM

ρσ

)µ

νγ
ν +O(||ω||2) ,

where the Mρσ generate the vector representation of so(1, 3),

(Mκλ)µν = i
(
δκµδ

λ
ν − δκνδλµ

)
.

Use this result to conclude that the Dirac Lagrangian

L = ψ (iγµ∂µ −m)ψ

is invariant under proper orthochronous Lorentz transformations.

2. Find the Euler-Lagrange equations obtained from the Dirac Lagrangian.


