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QUANTUM FIELD THEORY, PROBLEM SHEET 2

Solutions to be discussed on 27,/09/2022

Problem 1: Annihilation and creation operators for the free real scalar
field

-

1. In the lecture, the Fourier coefficients a(k) appearing in the Fourier decompo-
sition of a real scalar field were defined by

o(z) = / dk (a(E)e—ikua*(E)eikw) .
Show that

a(k) = i/d?’x ke 5; o(z), where f o g=fog—(0f)g.

Here the right-hand side is to be evaluated at some arbitrary time 2°.

Hint: 1t is easiest to work backwards, i.e., starting from the expression for a(E),
verify that the one for ¢(x) is satisfied.

2. Using the canonical equal-time commutation relations

/> ) [¢(tvf)7¢(taf/>] =0= [W(t,f),ﬁ(t,f,)] )

verify as many of the following relations as you wish:

[p(t, ), m(t,z")] = i6® (7 —

51

[a(E),aT(E ')} = 2up(27)30@ (k — k') | [a(/%’),a(%')} —0= [aT(E),aT(E’)} .

Problem 2: Canonical quantisation of the free complex scalar field

Consider again the free complex scalar field ¢(x) of Problem Sheet 1. The Lagrangian
density is

L=0,6"0"¢p—m?||*.
1. Find the canonical momenta conjugate to ¢ and ¢*.

2. Promoting ¢ and ¢* to operators, imposing canonical equal-time commutation
relations for the fields and their conjugate momenta, and writing the mode
expansion of ¢ as

¢(x) = /&E <a(];;)e*ikx+bT(E)eikm> 7

guess the commutation relations which should be obeyed by a(k) and b(k)
and their hermitian conjugates. Verify that your guess leads to the correct

canonical commutators for ¢ and ¢'.

3. Express the Hamiltonian in terms of a(k), b(k), and their conjugates.



