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Modèle de Ramsey

U =

∞∫
0

u (c (t)) ente−ρtdt (1)

ȧ = w + ra− c− na (2)

lim
t→∞

a (t) exp

− t∫
0

[r(τ)− n] dτ

 ≥ 0 (3)

J = u (c) e(n−ρ)t + v [w + (r − n) a− c] (4)
∂J

∂c
= 0⇔ u′ (c) e(n−ρ)t − v = 0 (5)

−∂J
∂a

= v̇ ⇔ v̇ = − (r − n) v (6)

lim
t→∞

[v (t) a (t)] = 0 (7)

Dérivée de (5)
du′

dt
e(n−ρ)t + u′ (n− ρ) e(n−ρ)t = v̇

La relation (6) devient :

du′

dt
e(n−ρ)t + u′ (n− ρ) e(n−ρ)t = − (r − n)u′ (c) e(n−ρ)t

soit :

−du
′

dt

1

u′
+ ρ = r

r = ρ− u′′(c)c

u′(c)

·
c

c
(8)

σ = −

d [c (t1)/ c (t2)]

c (t1)/ c (t2)

d [u′ (c (t1))/u
′ (c (t2))]

u′ (c (t1))/u′ (c (t2))

si : t2 → t1
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σ = −

dc

c
du′

u′

= − dc
du′

u′

c
=
−1

du′

dc

u′

c
= − u′ (c)

c u′′ (c)

u (c) =
c1−θ − 1

1− θ
; σ =

1

θ
(9)

u′ (c) =
(1− θ) c1−θ−1

1− θ
= c−θ ; u′′ (c) = −θc−θ−1 ; − θ =

u′′ (c) c

u′ (c)

(8) devient :
·
c

c
=

1

θ
(r − ρ) (10)

(6) a pour solution :

v (t) = v (0) exp

−
t∫

0

[r(τ)− n] dτ


(7) devient :

lim
t→∞

a (t) exp

− t∫
0

[r (τ)− n] dτ

 = 0 (11)

r (t) =
1

t

t∫
0

r(τ)dτ (12)

ȧ = w + ra− na− c
a pour solution ∀T > 0 :

a(T )e−(r(T )−n)T +

T∫
0

c(t)e−(r(t)−n)tdt = a (0) +

T∫
0

w(t)e−(r(t)−n)tdt

si T →∞ a (T ) e−(r(T )−n)T → 0 en raison de (11).
Il reste :

∞∫
0

c(t)e−(r(t)−n)tdt = a (0) +

∞∫
0

w(t)e−(r(t)−n)tdt = a (0) + w̃ (0) (13)
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(10) devient par intégration :

c (t) = c (0) e
1
θ (r(t)−ρ)tavec r (t) tel défini en (12)

(13) devient :

c (0) = µ (0) [a (0) + w̃ (0)] (14)

1

µ (0)
=

∞∫
0

exp

{[
r (t)

(
1− θ
θ

)
− ρ

θ
+ n

]
t

}
dt (15)

∞∫
0

c (0) e−(r(t)−n)te
1
θ (r(t)−ρ)t = c(0)

 ∞∫
0

e(r(t)(
1−θ
θ )−ρ

θ+n)tdt


Y = F

(
K, L̂

)
(16)

ŷ = f
(
k̂
)

(17)

∂Y

∂L
=
[
f
(
k̂
)
− k̂f ′

(
k̂
)]
ext (18)

Profit = F
(
K, L̂

)
− (r + δ)K − wL (19)

Profit = L̂
[
f
(
k̂
)
− (r + δ) k̂ − we−xt

]
(20)

f ′
(
k̂
)

= r + δ (21)[
f
(
k̂
)
− k̂f ′

(
k̂
)]
ext = w (22)

·

k̂ = f
(
k̂
)
− ĉ− (x+ n+ δ) k̂ (23)

·
ĉ

ĉ
=

·
c

c
− x =

1

θ

[
f ′
(
k̂
)
− δ − ρ− θx

]
(24)

k̂ =
K

L̂
=

K

Lext
·

k̂

k̂
=

·
K

K
−
·
L

L
− x =

·
k

k
− x

·

k̂ =

·
k

k
k̂ − xk̂ =

·
ke−xt − xk̂
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de (2) :
·
k = kr − kn+ w − c

·
k = k

(
f ′
(
k̂
)
− δ
)
− kn+

[
f
(
k̂
)
− k̂f ′

(
k̂
)]
ext − c

d’où

·

k̂ = k̂f ′
(
k̂
)
− δk̂ − nk̂ + f

(
k̂
)
− k̂f ′

(
k̂
)
− ĉ− xk̂

·

k̂ = f
(
k̂
)
− ĉ− (x+ n+ δ)k̂

lim
t→∞

k̂ exp

− t∫
0

[
f ′
(
k̂
)
− δ − x− n

]
dτ

 = 0 (25)

ĉ = f
(
k̂
)
− (x+ n+ δ)k̂ − k̂

(
γk̂
)∗

(26)

·
ĉ =

·

k̂
{
f ′
(
k̂
)
−
[
x+ n+ δ + γ∗

k̂

]}
(27)

f ′
(
k̂∗
)

= δ + ρ+ θx (28)

ĉ∗ = f
(
k̂∗
)
− (x+ n+ δ)k̂∗ (29)

ρ > n+ (1− θ)x (30)
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