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Additional work on Generalized Linear Models

Exercise 1

Consider a n-sample (y1,%1),. .., (Yn, Tn) of the pair (y,z) where y is a random variable with
values in {0, 1} and x is a fixed variable also taking the values {0,1}. It is assumed that there
exists a latent variable y such that y}|z; ~ N (8o + Bizi, 1) and

f1 s oyr<o
Y710 sioyr>0

The distribution function of the standard gaussian distribution is denoted by ®(-) (®(u) =
P(N(0,1) < u)).

1 Show that this is a Generalised Linear Model. Following the notations of the course for
exponential families, explicit the parameters ¢, 6, the functions b, ¢, v and the regressors to be
considered.

2 Has the canonical link been chosen?

3 We have 100 observations (y;, x;) described in the following contingency table

ly=0 y=1
+=0] 10 30
x=1| 20 40

Let ag = ®(Bp) and a1 = ®(By + S1) give the log-likelihood as a function of 5y and 5.
4 Calculate the maximum likelihood estimator for (ap, a1).

Exercise 2
Consider n independent random variables 1, ..., y, such that y; ~ N (exp(ﬁg + f1x;), 02).
1 Show that this is a Generalized Linear Model. Following the notations of the course for

exponential families with nuisance parameter, explicit ¢, 6, the functions v and b and the
regressors to be considered.

2 Show that the canonical link has not been chosen.

3 Assuming in the following that ¢ = 1, give the log-likelihood and the likelihood equations.
Can we calculate the analytical expressions for the maximum likelihood estimators of 8y and

B1?



Corrections

Correction of Exercise 1

Let
1 = Bo + B1x;.

Since y! | z; ~ N (n;,1) and y; = 1 if and only if y <0,
Plyi = 1| i) =P(y; <0[2) = (=mi) =1 — 2(ms).
Thus, if p; = E(y; | 1),
pi = (=), mi= =2 ().

1 Conditionally on z;, y; follows a Bernoulli distribution with parameter p;. Its density can
be written

z- i i
F(yis ) = 1" (1 = ) ™% = exp {yz- log 1 ZM + log(1 — Ni)} :

(2

This is an exponential family. With the usual notation

y0 — b(0)

f(y:6,0) = eXp{ 5

+C(y,¢)},

we may take

¢=1, ezloglﬁ‘, b(0) =log(1+¢"),  c(y,¢) =0
Moreover,
0
/ € 11
= = — (1 —
V@) =g =n VO =ul-pn

The link function is

because
(i) = mi = Bo + Pri.

The regressor vector is therefore (1, ;) and the parameter vector is 8 = (Bg, 51)’. Hence the
model is a binomial GLM with a probit link (with a minus sign due to the convention y; = 1
when y < 0).

2 For a Bernoulli distribution, the canonical link is the logit link log ﬁ Here the link is
y(p) = —®~ (1), so the canonical link has not been chosen.

3 Put
ap = (o), ar = ®(Bo + B1)-

Because of the convention used in the statement,

~
—~
<
I
—
8
I

0) =1-— ap, Py =0]| 2z =0) = ay,

and



The likelihood is therefore
ap’(1 = ag) e’ (1 — a1)™ = ®(B)"°[1 — @(Bo)"®(Bo + B1)*°[1 — (B0 + B1)]*.
Hence the log-likelihood is
101og (o) + 301log[1 — @(So)] + 20log (5o + A1) + 40log[l — @(Fo + £1)]

= 10log ap + 30log(1 — ) + 201log ay + 40log(1 — ).
4 The two terms involving «g and o7 can be maximized separately. The partial derivative of

the log-likelihood with respect to «q gives

10 30
(7)) 1—040

SO
10(1 — 040) = 30ay — ao = — = —.
Similarly for a;,
20 40
a1 1— a7

which gives
~ 20 1
;= — = —.
' 60 3
Thus
~ 1 1
4 -3
If desired, the corresponding estimators of the original parameters are

~ 1 ~ 1 1
— o1z —o ()1 2).
Numerically, Eo ~ —(0.6745 and 31 ~ (0.2438.

Correction of Exercise 2

Write
pi = exp(Bo + Brxi) > 0.

We have y; ~ N (1, 02).

1 The Gaussian density is

1 (yi — )’
L A2) 7 7
f(ym Hi, O ) - 27‘(‘0’2 exp |:_ 20_2
Expanding the square,
i — (22 21
Fisno®) = oxp { P I Cogone®) |



Thus, in exponential-family notation,

¢ =0 0i = i, b(h) = —.

The nuisance term may be written

y> 1
oy, ¢) = —% ~ 3 log(27¢)
Since
i = ePotBii
the link function is
V(p) = log p,

for which
V(i) = Bo + Bri.
The regressor vector is (1,z;). Therefore this is a Gaussian GLM with a log link.

2 For the Gaussian family with known variance, the canonical parameter is § = u. Conse-
quently the canonical link is the identity link. The model instead uses () = log u. Therefore
the canonical link has not been chosen.

3  Assume o2 = 1. Since

i = ePotb i

the log-likelihood is

n

Z [y _ 6/30—&-51:61

=1

l\D\H

£(Bo, B1) = —*log (2m)

Let n; = Bo + B1x; and p; = €. Since

% — ePothiz % — xieﬁoJrﬁwi
8/BO 8ﬁ1

the score equations are
n

Z |:yi _ 650%31111 ePotbizi _
i=1
n
Z T [yi _ 6/30-1—,31961} ePotbizi —
i=1
In general these equations are nonlinear in (fp, 51), so there is no simple closed-form expression
for the maximum likelihood estimators.

Remark The log link imposes p; > 0, although observations from a Gaussian distribution may
themselves be negative. This is not a contradiction: the restriction concerns the conditional
mean, not the support of y;.



